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Abstract: In this paper, considering the extended Darboux frame in 
Euclidean 4-space, we define some special Smarandache curves. We 
calculate the Frenet apparatus of these curves depending on the 
invariants of the extended Darboux frame of second kind. 
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1. Introduction 


In differential geometry, relations between the curves are wide 
and important field of study for many researchers. Parallel to 
this, new studies have been done about curves and special 
curves. The most familiar special curves are involute-evolute 
curves, Bertrand curves, Mannheim curves and Smarandache 
curves. A regular curve, whose position vector is obtained by 
Frenet frame vectors on another regular curve is called 
Smarandache curve in Minkowski space-time [1]. Special 
Smarandache curves have been studied at many researches in 
both Euclidean space and Minkowski space [1-5]. There are 
also some studies on special Smarandache curves in Galilean 
and pseudo-Galilean spaces [6-8]. 


Ali [2] has introduced TN, NB and TNB -Smarandache 
curves according to Frenet frame {T,N,B} in Euclidean 3- 
space and obtained Frenet-Serret of TN- 
Smarandache curve. In [4]; Tg, Tn, gn and Tgn- 


invariants 


Smarandache curves according to Darboux frame {T,g,n} 


have been given in Euclidean 3-space. In this study, the 
authors have calculated the Frenet apparatus of these special 
Smarandache curves and found some properties of these 
curves. Also, Smarandache curves in 4-dimensional 
Euclidean space according to the Frenet frame and parallel 
transport frame have been studied in [5] and obtained the 
Frenet-Serret and Bishop invariants for the Smarandache 
curves. 

In the light of the existing studies in this area, we define 
some special Smarandache curves such as TE , TD and TN 
-Smarandache curves in Euclidean 4-space according to the 
extended Darboux frame (or shortly ED-frame) defined in [9]. 
Then considering the extended Darboux frame of second kind, 
we obtain the Frenet apparatus of these special Smarandache 
curves depending on the extended Darboux frame invariants. 


2. Preliminaries 


4 4 4 
Definition 1. Let x = Y xe; y= > y,e; and z= ye be 
i=l i=l i=l 
three vectors in IR*, where {e,,e),€3,€,4} be the standard basis 
of R*. Then the ternary product or vector product of these 
vectors is defined by [10] 

€; @) €3 & 

X; XX, xX, Xx 
Xx®y@z= ee 
YM Y2 3 V4 
Zp 2 2 &y 


i+ @ bea Frenet 


Let M be a regular hypersurface in 


curve with arc-length parametrization on M and {t, n,b, sb5} 


be the moving Frenet frame along @ . Then we have [11] 


= a’ _ a&@a"®a” 
lal’? = La@a"’®a'’ (1) 
Bie b,@a'®@a" _ b, @b, a’ 
“1b, @a’@atl’ I b,®b, @all’ 
(n, a", (bier) (bya) 
1 ae aa 3” = 4 : (2) 
I a'l I all> k, all * kk, 


Since the curve @ lies on M, we have another frame field 
such as the ED-frame field {T,E,D,N} along @ , where 


T = a’, N = N(q@), 
__a"—(a",N)N if {N,T,a@”} is linearly independent 
Ia" —(a",N)NI 
(Case1), 


_ a" —(a",N)N-(a",T)T 
Il a” -—(a",NYNN-(a", T)Tll 
dependent (Case2), 
D=N®T®E, 
and NV is the unit normal vector field of M1. Then we have 


the following differential equations for the ED-frame field of 
first kind 


if {N,T,@"} is linearly 
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1 
rT] Oo A, 0 «kK, T 
1 2 1 
E’ -K 0 K TONE 
= _ . (Case 1), 
D 0 -K 0 7D 
N’ 3 : N 
1 2 
ila a a a 


ro oO 0 K 


[T"] "tT 
Ef) | 0 O « t% VE 

= Case 2), 3 
D'} | 0 -«K; 0 O|/D — a 
LN’ —K, th 0 o [LN 


where Ki and T are the geodesic curvature and the geodesic 


torsion of order i, (@ =1,2), respectively, [9]. 


3. Smarandache Curves According to The 
Extended Darboux Frame in E* 


In this part, we deal with some special Smarandache curves 
according to the ED-frame of second kind in Euclidean 4- 
space. We find the Frenet apparatus of TE -Smarandache 
curve, TD -Smarandache curve and TN -Smarandache curve 
depending on the ED-frame invariants. 


4 


3.1. TE -Smarandache curve in E 
Definition 2. Let cE’ be an oriented hypersurface and 
a:I CRM bea Frenet curve with arc-length parameter 
3+ Let us denote the ED-frame field of a@(s) with 
{T(s),E(s),D(s),N(s)}. 


s in 


TE-Smarandache curve fis 


defined by 
Bis) = s (T(s) +Es)). (4) 


Considering the ED-frame of second kind, let us now 
calculate the Frenet apparatus {T",n’,b,,b5,k; deck } of 
TE -Smarandache curve £ depending on the ED-frame 
invariants. Let s be the arc-length parameter of £. If we 


differentiate (4) with respect to s and use (3), we have 


, dBds 1 
f'= - = ldo, +7!)N). (5) 
Since 


* 2\2 1\2 
| p= = aes! eee (6) 


we find the unit tangent vector of TE -Smarandache curve £ 


as 


rs —__t (D+ (, +7) )N). (7) 
(62)? +(x, +24)? 


From (5), we have 


+ Cece, + th )T-((«2)? +74 (x, +74 ))E 


v2 (8) 
ze (<2 /D+(K, + (-1)'JN) 


pre 


and 

ml 
pr= glut wE+u,D+u,N), (9) 
where 


Mh = -K, (K, + i )-2k,, (x, + (a y), 

i= (tr) YK, + i )- 2c, (x, + Gs y) - 3K (Ke), 

Ms =(Kz)" — (Kg) — Ke Ty (Ky + Ty )s 

My = Kyl + (Ch) —14 (2)? (a, +2 (Ce)? +L). 
Using (5), (8) and (9) gets 


1 
'@B"@f" = vb +v,E+v.D+v,N ), 
B'@p@P ad .E+v,D+v,N) 
where 


Vv, =-(k, + es Wy (2) + uy ((«j)° + te (K, + 7)) 
= pyre!) py (Kz) + [nk, (x, + (c!y’), 
7 1 ( Qs 1 2 
Vo =(K, +7, NM (Ke) + LG, (Ky, +7 4) — Mg ky Kg 
= Myke (x,/ + (Ts y), 
1 2 1 1 
V5 = (0, + 1) (a4 (3) + 4d Hak My +24): 
V4 = Ky (Ky +0 _ Ut Ky — Hg) — Hh (Ky) 
Since 


1 
| B' ORO B= lve EVE VS EVE 
B B B 2/2 1 2 3 4 


from (1) we find the second binormal vector of TE - 
Smarandache curve £ as 


1 
fp tvs tvs +Vy 
Also using (10), (5) and (8), the first binormal vector of 
TE -Smarandache curve / is obtained as 


(10) 


bo = (vy, +v,E+v3D + v4N). 


b; = J (AT +A,E+4,D+A,N), (1) 
Re ay ee ay 
where 


20924 1 2 1 
A, = ((«2) +7, (K, +7, yx —V3(K, +7, )) 
2! 2 21 1/2 
+1 (2x, =—K,(K,) +K; (cy = 2! («2)'), 
os 1 2 1 
Ay = Ky (Ky + Tg vx Veber, )) 
2! 2\r 27-1\r 1 2,0 
-v, (2K, —K, (Kg) +e (T,) -1'(«2y'), 
2\2 1 tO 21 
Ag =V (Kg) (Ky tog) + (Ky +.) Vibe —V2Kn)» 
253% = £29 1 1 
Ag =V (Kg) — KK, +0, Voy —V2K,)- 


If we use (11), (10) and (5), we calculate the principal 
normal vector of TE -Smarandache curve £ as 
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* 1 


n (o,T +0,E+o03,D+0,N), 


Joz +03 +03+03 
where 
0, =(k, + ts )Agv3 — A3V2) — Ke (Ang — AgV2), 
On =(K, + C, MAY, —AyV3) + Ke (AwW4 —AqV,), 
03 =(k, + oe WAV, — AV), 
O4= -K; (An — AY). 
From (2), the first curvature of TE -Smarandache curve £ 
is 
k, =a, 
where 
2 
ae 
((«2)? +(k, + r!)?),lo? +0; +0; +04 


and 


A =-0\K, (Ky, +74) - Fp (2)? +0) (Ky +l, )) 


+03(«2)' +04 (1, +(chy’). 
Also using (2), the second curvature of TE -Smarandache 
curve / is obtained as 


4 
i = SS hut 
i=l 


where 
Ge {2(0; + 03 +07 +04) 
62)? +c, +74)? fa + Az + AP + a 
Moreover, we get 


1 r 4 
p= aa ls — [yk )T + (My = Lk, — pyr, JE 


+(Ly + yk, )D+ (ug + U,K, + yl )N). 
So from (2), the third curvature of TE -Smarandache curve 
f is found as 


ks = ry, (Hy = MyK,) + V2 (ty) Lyk; — MyTg ) 


+V3(Uy + [yKy) + V4 (Hy + 14K, + MrT g )), 


where 


J20a2 +B +13 +Ag) 


; : 
2,2 ive ae ee ee 
(2) +(K, +T,) Wi +5 +V3 +4 Ai 
i=l 


T= 


4 


3.2 TD-Smarandache curve in E 


Definition 3. Let M be an oriented hypersurface in E* and 
a be a Frenet curve with arc-length parameter s on M. 
ED-frame field of a(s) by 


{T(s),E(s), D(s),N(s)}, TD-Smarandache curve # can be 


defined as 


Bs) = F(T) +00). 


Denoting the 


(12) 


Let us compute the Frenet apparatus of TD -Smarandache 


curve depending on the ED-frame invariants. Let s- be the 
arc-length parameter of / . Differentiating (12) with respect 


to s and using (3) yields 


, dBds 1 5 
= = K-E+K,N). 
is ds ds oa 7 iN) 


Then substituting 


P ee) 

(x +K 

1 pi-& = (Ks) “ 
ds 2, 


into (13), we obtain the unit tangent vector T” of TD- 
Smarandache curve / as 


* 1 


(13) 


7 ee a =( iE +K,N). (14) 
Ky) +R 
Using (13) gets 
1 —1 2 2\r 1 
Z = Flat ate )E (15) 
+ (D+ (1374 =; JN) 
and 
Pd | 
B = GloT+ pxE+ 0+ oN), (16) 


where 

Py = Ky BK, —KeTy)s 

p> =(«,)" Dic, Ty mia) Co. KC) 

pP3= Ke (3(42y' + Ca ), 

4 = =k +2(Kz)'Ty +g (Ty) +K, +K,, Gay 
If we use (13), (15) and (16), we have 


1 
'@B"S@B"= gl+eoE+eD+eN), 
f'@ B"@B AG JE+eD+eN) 
where 


= Pte (42)? + x) — 3 (2%, ~(x2)'«,) 


— (Ke) (Doky + Pak) 


€&) = Ky, (p02? —pyx?), 
j= pT, (2)? + x?) +P; (12%, = (K; yx, ) 
+ Kn (Prk, + Pky)» 


€4 = Ke (p(«2) ~ py?) 


and 
1 2, 2,2, 2 
6 +o+eat+eEg. 
7/5 VA 2+ +& 


| POP" @p"= 
So the second binormal vector bs of TD -Smarandache 


curve £ is found as 
1 


ee ae ee 
qg+teat+et+g 


b> = (qT +6E+eD+e,N). (17) 
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Moreover, the first binormal vector b, of TD- 
Smarandache curve / is obtained as 
1 


b, = 
e+ +24? 


where 

Gs 657) ((«2)? + x) +6 (12%, - (x2)'x,) 
+ (Ke) (Qk, + eyKy ), 

62 = Ky (6x2 ~«(x?)), 

= qr, (x2 y+ x) -«q (12%, - (K; yx, ) 


2 2 
Ky (Qk, + eke), 


(61 +¢,E+¢3D + 64N), (18) 


a Ke (ex? ~4(«2)?). 
Using (18), (17) and (13) yields the principal normal vector 
n’ of TD-Smarandache curve ( as 


* 1 

(a? +53 +67 +63 
where 
0, = Ky, (6S = 663) K (G04 hia); 
0 =K (G53 — 61) 
63 =K,(&6] = 4 bn) + Ke (Qh — 404), 
54 = Ke(4S3 —€6)). 


If we use (2), we find the first curvature kr of TD- 


n (6,T +6,E + 6,D + d,N), 


Smarandache curve / as 


k; =a Q, 


where 


ee 
(2)? +12) fo? +52 +5? +82 
and 
Q= 5K? +6, ((«2y' + ie ) + 53(Kz)” +64 (27! - K,). 
From (2), the second curvature ks of TD -Smarandache 


curve f is 


4 
k; = oii 
i=l 


where 


V2.5? +03 +63 +63 


diay eerie eer ee 


Besides, we have 


—] : ' 
BO = ln — P4k,)T + (py — P3ke — pyr, )E 


+(p3 + pk, )D + (4 + PK, + pyt)N) 
and using (2), we obtain the third curvature k; of TD- 


Smarandache curve £ as 


k; = ING (21 — Pak) + & (Po — px; = a) 


+6(p3 + ee) + (Pq + PK, + Prt )), 


where 


[UCP ACP AE? BER) 


A= i ‘ 
2\2 2 2 2 2 2 
ee?) + Je +6; +6; +65 > CP; 
i=l 


4 


3.3. TN-Smarandache curve in E 


Definition 4. Let @ be a Frenet curve with arc-length 
parameter s on an oriented hypersurface M in E* and 
{T(s),E(s), Ds), N(s)} denotes the ED-frame field of a(s). 


TN-Smarandache curve / is defined by 


1 
B(s)= Fito +N(s)). (19) 
Let us now obtain the Frenet apparatus of TN- 
Smarandache curve # depending on the ED-frame 


invariants. Let s be the arc-length parameter of £ . If we 


differentiate (19) with respect to s and use (3), we get 


" 4 
p's Be Ge a ag eT EAN). (20) 
Then from (20), we have 
* 2 2. rs 1\2 
| pil= - = | a a (21) 


and substituting (21) into (20) gives the unit tangent vector 
T* of TN-Smarandache curve f, ice.: 


-1 


qk Enar («,T+r1E-«,N). (22) 
kK, + (7,) 
From (20), we get 
nol 12 ly 1 
Br= lu, +, T+ ((rh)! +7 JE 
(23) 
+ hag + (yy +(71)" JN) 
and 
fn al 
pr = (6T+6E+6D+éN), (24) 


ye 
where 


é,=K,, (x? +(t, 2) 3x," SF oe 
& =, (x2 + (cr, + (Kg) ~2x,') —K, (05) — (ee): 
E, =-242(r!)'= 2! («2 + («2)'), 
&, =—-K, (x? +(t1)?) 3,4, +t) (chy) 4K)". 

Equations (20), (23) and (24) yields 

1 

'®@ B"@ Bp" =——_( ¥,T+¥,E+¥,D+¥,N), 

f'2'@ B" =— (WT + ¥oE+ 40+ ¥.N) 


where 
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W, = Ey) (2x2 + (21)? ) 4+ (x,t -«,c1)') 
+1204 (Egy + Ego y 

Wy = Ex, (242 + (1)? ) = 27 (E+E), 

W5 = (Gt) -&x, (2? +(2!)?) 
— (E+E NMay't) —«,(1)'), 


Y,= Kets (Sok, — Et, )+ 63 (x,'c! Ky x y). 


So, we have 


paisa 1 Ry nC re) 
| B® B® pm = ——, v2 4.924 24.92, 
ave at Py thy 


which enables us to find the second binormal vector bs of 
TN-Smarandache curve / as 
* 1 
bo = 
(7 +03 403482 
From (25), (20) and (23), we obtain the first binormal 


vector b; of TN-Smarandache curve # as 


(P,T+ P,E+ P30+'P,N). (25) 


* 1 
b,; = SS (4T+%E+7,0+7,N), (26) 
VN +%2 +73 +74 
where 


y= —V 30, (2x2 + (a 2) +P, (chic) —K, Gs, y) 
+ ee (Y5K, + Lue ), 

Vy =P3K, (2x2 + (c!)?) ~ KT y Ky (+ Py), 

75 = (Vth —¥oK,) (22 +21?) 
+(¥, +P Nx, (ch) -2h«,'), 

V4= -KITs (Biz, —V5K,) -¥,(«,(!)' -t'K,/'). 


If we use (26), (25) and (20), we find the principal normal 
vector n’ of TN-Smarandache curve ff as 


Wi 1 
Jo +93 +93 +03 
where 
QD = K,%2'F3 —73'F 2) +75 (4h —73F 4): 
Py = Ky (738) —1'P3 + 73% 4-143), 
P3 = K, (MP2 —12F 1 + Hy Fo —72'P 4) 
+0, (¥4—V4¥ 1), 


n 


(QT +@E+@;D + @,N), 


D4 = Ky (Y2'F3 —73'¥ 2) + Cs (73h) —n1'P3)- 

Using (2), the first curvature ky of TN -Smarandache 
curve £ is obtained as 
k, =y®, 
where 
7 ee 

(2x2 +c!) Jo? +92 +7 +02 

and 


21 


®= Q(K,, +x2)+9,((cl)'+x,7!) 


+ P30 Ke +4 (x? - Ky, + G, 7). 
If we use (2), we calculate the second curvature ks of TN 


-Smarandache curve £ as 


4 
ky = = NE 
i=l 


where 


— 2? +93 + 93 + 93) 


2K + (Fg) Vi +2 +13 404 


Also, we get 


1 ' f 
= (6) Eee HG) Bang Earp 


é= 


+ (Gj +G2)D+(E/ + Gx, +0) )N) 
and from (2), we find the third curvature of TN -Smarandache 
curve { as 


kj = O( (4! — Eye, ) + ¥a(G! -Sye?2 Er!) 


bE aoe Exke) + (Eq +E\K, + Sit, )), 
where 


207 +3 +7472) 


—. 
ACN cee cee tee Si eZ 
i=l 


QO= 


4. Conclusion 


In this study, according to the ED-frame in E*, TE - 
Smarandache curve, TD-Smarandache curve and TN- 
Smarandache curve are defined and considering the ED-frame 
of second kind, the Frenet apparatus of these curves 
depending on the invariants of the ED-frame are obtained. 
Similarly, the other special Smarandache curves such as ED 
-Smarandache curve, EN-Smarandache curve, DN- 
Smarandache curve and etc. can be defined. Also considering 
the ED-frame of first kind, the Frenet apparatus of TE, TD, 
TN -Smarandache curves and the other special Smarandache 
curves depending on the invariants of the ED-frame can be 
calculated. 
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